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ABSTRACT

Let A= {a1,...,a5} and {b1,...,bx} be two subsets of an abelian group
G, k < |G|. Snevily conjectured that, when |G| is odd, there is a num-
bering of the elements of B such that a; +b;, 1 < ¢ < k are pairwise
distinct. By using a polynomial method, Alon affirmed this conjecture
for |G| prime, even when A is a sequence of k < |G| elements. With a
new application of the polynomial method, Dasgupta, Kérolyi, Serra and
Szegedy extended Alon’s result to the groups Z7 and Z,r in the case
k < p and verified Snevily’s conjecture for every cyclic group. In this
paper, by employing group rings as a tool, we prove that Alon’s result
is true for any finite abelian p-group with k < +/2p, and verify Snevily’s
conjecture for every abelian group of odd order in the case k < /p, where
p is the smallest prime divisor of |G].

In [6] Snevily conjectured that
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CONIJECTURE 1: Let G be a finite abelian group of odd order. Let A =
{ai,...,ax} and B = {b1,...,b;} be two subsets of G with |A| = |B|. Then,
there is a numbering of B such that the k sums ay + b1, . .., a; + by, are distinct.

By using the polynomial method, Alon proved that, among other interesting
results, Conjecture 1 is true for G a group of prime order, even when A is a
sequence of k < |G| elements, i.e., by allowing repeated elements in A. With
a new and successful application of Alon’s polynomial method in various finite
and infinite fields, Dasgupta, Karolyi, Serra and Szegedy extended Alon’s result
to the groups Z; and Z,- in the case k¥ < p and verified Conjecture 1 for every
cyclic group of odd order. In this paper, by employing group rings as a tool,
we prove that Alon’s result is true for any finite abelian p-group with & < /2p
(Theorem 2), and verify Conjecture 1 for every abelian group of odd order in the
case k < /p (Theorem 5), where p is the smallest prime divisor of |G].

THEOREM 2: Let p be a prime, G a finite abelian p-group. Let k be a positive
integer such that k < /2p. Let (ay,...,ax) be a sequence of not necessarily
distinct elements in G. Then, for any subset B C G of cardinality k there is a
numbering by, ..., by of the elements of B such that the products aiby,...,aiby
are pairwise distinct.

To prove Theorem 2 we need some preliminaries. By V(x1,...,zs) we denote
the matrix
1 o 1
1 e T
:Ef—l e xz_l

The following lemma is crucial in this paper.

LEMMA 3 ([3]): Let R be a commutative ring with identity element 1, and let
Uyy. .., Uk V1, ..,V € R, For every n € Si, define

Pr= H (i) = Us0x(5))-
1<j<i<k

Then, ZWESk P, =DetV(ui,...,ux)PerV(vy,...,ug).

LEMMA 4: Let p be a prime, G a finite abelian p-group. Let ay,...,a; be a

sequence of k elements in G. Consider the product Hle (1 - a;) € F,[G). Then:

(i) Leta =3 cqa9 € Fy[G), where ay € F,. Define l(a) =3 . ag. Then,
« is invertible if and only if [{a) # 0.
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(i) Ifk < panda; # 1 foreveryi =1,...,k, then the product Hle(l—ai) # 0.

Proof: (i) has been proved in [4].

(i) Let G = Cper ®- - - ®Cper = (y1)®- - -®(yr) with (y;) = Cpes fori =1,...,r.
It is well known that {(1 —y1)™ - (1 = y)™ |0 <m; <p* —1,i=1,...,r}
forms a basis of F,[G], as an F}, modulo. Now we distinguish two cases.

CASE 1: e; = --- = e, = 1. We proceed by induction on r. If r = 1, then
a; = yi" with 1 <I; <p—1forevery:=1,...,k Therefore,

k k

k
H(l —-a;) = H(l —yili) = H(l —y)Q+y +- - +yl1i—1)
i=1 =1 i=1
k
=(1~y)"* H(l +y oy,
=1

Since 1 <I(1+y1+---+3 ) =1 <p—1,by (i) we have (1 +y; +--- + 357
is invertible and so is the product Hle(l +y1 4 - +yi"1). Therefore,

k k

[[a-a)=0 -y [J0+wm+-+ui) #0.

=1 =1

Assume the lemma is true for r — 1 (> 1); we wish to prove it is true also
for r. Write a; = yiib,— with 0 < [, < p—1and b; € (y2) -+ & (y,) for
it =1,...,k. By renumbering, we may assume that b; # 1 for every i = 1,...,¢
and byyy =+ =b = 1 for some 0 <t < k. If t =0, then it reduces to the case
that r = 1 and we are done. So, we may assume that 1 <t < k. Now we have

ﬁ(l —a;) = fI(l - yy'bi)
=1 =1
- @1(1 - yiibn) (izlila - y‘;'))

! k
- (H(l —-yi‘bﬂ) 1 —yl)k_t H 1+ + ...+yii—1).

i=1 i=t+1

Since Hf:t ad+y + e+ y%~1) is invertible, it suffices to prove that
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(1- yl)k‘t(H:=1(1 - y4b;)) # 0. Note that

t

(1- yl)k-t(ﬂ(l )

=1

= (1= g)* (H(l— Fa-b)-q yi")u—bi))

¢
= (1 -y)* o+ (L-y) ] - b0,
=1
where a € F,[G]. By the induction hypothesis, [T:_,(1 — b;) # 0. Now,
(1 - y)f o + (1 - y)* 1,1 = b;) # O follows from the fact that
{@=y)™ - (1 —y)™0 < my,...,m, < p— 1} forms a basis of F,[G].
Now the proof of Case 1 is complete.

CASE 2: The general case. Set H = (p°*71y;) @-- @ (p°'y,). Then, His a
subgroup of G with H ~ Cj and F,[H] is a subring of F},[G] with F,[H] ~ F,[C7].
Let p* be the order of a; for i = 1,...,k. Set b, = afni_l for: =1,...,k.
Then, 1 # b; € H holds for every i = 1,...,k. Therefore, HLI(I —-b;) €
Fy[H} ~ F[C]]. By Case 1 we have Hle(l —b;) # 0. But Hle(l - b
M, (1-a)@4at-+a™ T ) = (15, (1-a)) ([T A +ait- - +a?" Y.
Therefore, Hle(l -a;) #0. 1

Proof of Theorem 2: Let Pr =[], ;i< (bi@r(i) — bjar(;)). By Lemma 3,

> Pr=DetV(by,...,bs)PerV(a,...,ax)
nES;

=g J] ( b;) PerV(ay,. .., az),
1<j<i<k
where g = bob2 .- b~ € G.

Since k < v/2p, (% ) < p. By Lemma 4 (ii), [T, ;< (1—5;'b;) # 0. Note that
l{(PerV{(ay,...,ar)) = k! # 0. It follows from Lemma 4 (i) that PerV(ay, ..., ax)
is invertible in Fp[G]. Therefore,

> Pe=g J[ Q-b7')PerV(as,...,ar) #0
TESk 1<J<1<k
and the theorem follows. 1
Let G be a finite abelian group of exponent n, let ¢ be a prime with ¢ }n.

Choose a positive integer m so that ¢ = 1(modn). Set F = Fym, the finite field
of g™ elements. Consider the group ring F[G).
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Any character x: G — F* in the character group G may be extended to a ring
homomorphism x: F[G] = F by letting x(3_ Y ag9) = Y gec gX(g). Clearly,
if b € F[G] and if x(b) # 0 holds for some x € G, then b # 0.

THEOREM 5: If p is the smallest prime divisor of |G|, then Conjecture 1 is true
for k < \/p.

Proof: Let n be the exponent of G. Choose a positive integer m so that 2™ =1
(modn). Let F = Fym be the field of 2™ elements. Let

Pr = H (biar(iy = bjar(j))
1<j<i<k

for every 7 € Sy. Since Char F = 2,

Y P =DetV(by,...,b) PerV(ay,...,a)

TESk
=Det V(b1,...,br) Det V(ay,...,ax)
= H b-—b H (az_a] EF[G]
1<<i<k 1<5<i<k

So it suffices to prove that there is a character x € G such that x(b;) # ( ),
x(ai) # x(a;) hold for all 1 < j < i < k. Let Hyy = {x € G’[x(blb 1},
Ki; = {x € é|x(aiaj_l) =1} forall 1 < j < ¢ < k. Since bz-bj1 ;é 1,
aza]-'l # 1, H;; and K;; are proper subgroups of G ~ G. It suffices to prove
that (U <jcick Hii) U (Uigjcicr Kis) # G. This follows from that (¥) + (£) =
k(k-1)< k? <p. [ |

Remark 6: The proof of Theorem 5 yields that Conjecture 1 is true for every
cyclic group G of odd order, for G cannot be written as a union of some proper
subgroups. Let p be the smallest prime divisor of |{G|. In (3], Dasgupta et al.
conjectured that the conclusion of Theorem 2 holds for every finite abelain group
of odd order in the case k < p. The conclusion of Lemma 4 (ii) was first proved
by Peng [5] for the case that r =2 and e; = ey = 1.
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